The parabolic-profile model for the singularity spectrum f (α) of fully-developed turbulence (FDT) is pursued further. This model is shown to provide not only considerable insight into the qualitative aspects of the intermittency problem but also the universal aspects associated with it.
Introduction
Spatial intermittency is a common feature of fully developed turbulence (FDT) and implies that turbulence activity at small scales is not distributed uniformly throughout space. This leads to a violation of an assumption (Landau [1] ) in the Kolmogorov [2] theory that the statistical quantities show no dependence in the inertial range L ≫ ℓ ≫ η on the large scale L (where the external stirring mechanisms are influential) and the Kolmogorov microscale η = (ν 3 /ε) 1/4 (where the viscous effects become important). Spatial intermittency effects can be very conveniently imagined to be related to the fractal aspects of the geometry of FDT (Mandelbrot [3] ). The mean energy dissipation field ε may then be assumed, in a first approximation, to be a homogeneous fractal (Frisch et al. [4] ), and more generally, a multi-fractal (Frisch and Parisi [5] , Mandelbrot [6] ). The latter idea has received experimental support (Meneveau and Sreenivasan [7] ).
In the multi-fractal model one stipulates that the fine-scale regime of FDT possesses a range of scaling exponents α ∈ I ≡ [α min , α max ]. Each α ∈ I has the support set S(α) ⊂ R 3 of fractal dimension (also called the singularity spectrum) f (α) such that, as ℓ ⇒ 0, the velocity increment has the scaling behavior δv(ℓ) ∼ ℓ α . The sets S(α) are nested so that S(α ′ ) ⊂ S(α) for α ′ < α.
Experimental data on three-dimensional (3D) FDT (Meneveau and Sreenivasan [8] ) suggested that the singularity spectrum function f (α) around its maximum may be expanded up to second order via the parabolic-profile model [8] -
where, f (α 0 ) = 3.
We will apply this profile to several cases of FDT. The results provide some insight into the nature of intermittency in the various cases as well as reveal concomitant universal aspects.
3D Incompressible FDT (i) Inertial Regime
According to the multi-fractal model for the pth order velocity structure function (Frisch and Parisi [5] ), we have
where,
and this minimum occurs for α = α * , which is given by
Writing (1a) and (1b) in the form -
Using (4) and (5), (2a) and (2b) become
The parameter α 0 may now be determined (Benzi and Biferale [9] ) by using the exact 3D
Navier-Stokes result (Kolmogorov [10] ) -
which, on application to (6), yields
Using (8), (6) becomes
while (5) becomes
Comparing (9) with the log-normal result (Monin and Yaglom [11] ) -
where µ is the scaling exponent of the energy dissipation correlation function -
we see that the parabolic-profile model (1a) and (1b) (or (4) ) is equivalent to the log-normal model with the intermittency parameter a given by a = 9 2µ .
In fact, the corresponding probability density function (PDF) given by
is simply [8] -
Next, using (5) and (8), (4) becomes
(10) and (15a) show that the zero-intermittency limit corresponds to a ⇒ ∞.
(10) also shows that
implying of course the strengthening of the velocity-field singularities by intermittency! On the other hand, on comparing (9) with the multi-fractal result (Meneveau and Sreenivasan [7] ) for the inertial regime -
we obtain
(18a) implies
which is also confirmed by (15a) that yields
f (α * (0)) being the fractal dimension of the support of the measure, namely, D 0 . Thus, in the parabolic-profile model, the multi-fractility manifests itself via the way the measure is distributed rather than the geometrical properties like the support of the set. 2 There is an important property of the f (α * ) vs. α * curve that needs to be complied with: The parabola given by (4) must be tangent to the line f (α * ) = 3α * + 2 at the pointα * ≡ α * (3). This is indeed the case because, on using (4) and (10), we have
which may be rewritten as
while (3) gives trivially -
as required! It may be noted if one uses a profile more general than (4), namely,
then (3) yields, in place of (5),
and (2a) and (2b) yield, in place of (6),
2 A multi-fractal generalizes, as Mandelbrot [6] clarified, the notion of self-similarity from sets to measures.
Imposition of condition (7) on (19) then yields
using which, (19) yields, in turn,
in place of (9).
(ii) Kolmogorov-Microscale Regime
On extending the multi-fractal scaling to the Kolmogorov microscale η 1 , where,
we have (Sreenivasan and Meneveau [12] and Nelkin [13] ) -
Saddle-point evaluation of the integral in (23) yields
Using (4), (24) leads to
from which,
B 0 ∼ 1 (27) which, from(23), implies
we see from (26) that the negative root needs to be discarded, and we obtain
On the other hand, using (4) and (24), (23) yields
In order to determine the parameter α 0 , the most pertinent framework appears to be imposing the physical condition of inviscid dissipation of energy (IDE). This implies
Using (29) and (31), (33) yields
which is identical to (8) that was obtained by imposing the exact 3D Navier-Stokes result (7) in the inertial regime! This is plausible because the IDE is incorporated into the exact 3D Navier-Stokes result (7).
Using (34), (29) yields
while (31) then gives
For large a, (35) and (4) give the following asymptotic results -
(37) and (38) show that the zero-intermittency limit corresponds to a ⇒ ∞, as before.
(37) also shows that Tabeling [17] in fact called for a "theoretical explanation" of this aspect. Some insight into this issue can apparently be provided by the parabolic-profile model (1a) and (1b).
If one assumes intermittency in the inverse energy cascade, then the multi-fractal model for the pth order velocity structure function would yield
and this minimum occurs for α = α * , with
Writing now (1a) and (1b) in the form -
Using (41) and (42), (39) becomes
The parameter α 0 may now be determined by using the exact 2D Navier-Stokes result (Monin and Yaglom [11] ) -
which, on application to (43), yields
Using (45), (43) becomes
while (42) becomes
(47) shows that
which implies the weakening of the velocity-field singularities by an intermittency in the inverseenergy cascade. This might explain why intermittency effects in the inverse-energy cascade fail to materialize in the usual way. On the other hand, this is also consistent with the result of Kraichnan [18] and Frisch et al. [4] that intermittency effects, if they exist in the inverse-energy cascade, make the energy spectrum shallower.
The multi-fractal model for the pth order velocity structure function gives (Shivamoggi [19] )
and this minimum α = α * corresponds to
(51) yields,
Using (52) and (53), (50) becomes
The parameter α 0 may again be determined by using the exact 2D Navier-Stokes result (44) -
Using (55), (54) becomes
while (53) becomes
Observe that the intermittency corrections in (56) and (57) are identical to those for the energy cascade in 3D FDT, namely, (9) and (10)!
(ii) Kraichnan Microscale Regime
On extending the multi-fractal scaling to the Kraichnan microscale η 2 , where,
(58)
τ being the mean enstrophy dissipation rate, we have (Shivamoggi [19] ) -
Saddle-point evaluation of the integral in (59) yields
Using (52), (60) leads to
Imposing on (59), the condition -
we have,
Using (64), we see that the negative root in (62) is to be discarded, and we obtain
On the other hand, using (52) and (60), (59) yields
In order to determine the parameter α 0 , the most pertinent framework for the 2D case appears to be imposing the physical condition of inviscid dissipation of enstrophy (IDÊ). This implies
2 − 1 = 0.
Using (65) and (67), (69) yields
which is identical to (55) that was obtained by imposing the exact 2D Navier-Stokes result (44) in the inertial regime! This appears to indicate that the IDÊ has been incorporated into the result (44) in a manner similar to the case with the Kolmogorov exact result in the 3D incompressible case.
Using (70), (65) yields
while (67) then gives
Observe that the intermittency corrections in (73) and (74) for the 2D enstrophy cascade miscroscale regime are identical to those in (37) and (38) for the 3D energy cascade microscale regime!
3D Compressible FDT (i) Inertial Regime
The multi-fractal model for the pth order velocity structure function gives (Shivamoggi [20] )
Using (4), (77) yields
Using (4) and (78), (76) becomes
The parameter α 0 may now be determined by using the 3D compressible FDT fractal result
which has not been deduced so far exactly from the 3D compressible Navier-Stokes system. Here, γ is the ratio of specific heats of the fluid, which is assumed to be barotropic. (80), on application to (79), yields
Using (81), (79) becomes
while (78) becomes
On rewriting (83a) as
we observe that -
• the velocity-field singularities are stronger in 3D compressible FDT;
• the intermittency corrections are however smaller in 3D compressible FDT.
The first result appears to explain why the energy spectrum is found to be steeper in 3D compressible FDT (Moiseev et al. [21] ), Shivamoggi [22] ) than that for 3D incompressible FDT. This result is also in accord with the reduction in the number of degrees of freedom of turbulence caused by compressibility effects ( [23] and [24] .
(
ii) Kolmogorov Microscale Regime
On extending the multi-fractal scaling to the Kolmogorov microscale η 3 , where,
we have (Shivamoggi [23] and [24] ) -
ν 0 is a reference kinematic visocisty andǫ is the mean kinetic energy dissipation rate.
Saddle-point evaluation of the integral in (85) yields
Using (4), (86) leads to
Imposing the condition (27) which, from (85), implies
we see, from (88), that the negative root is to be discarded and obtain
On the other hand, using (4) and (86), (85) yields
In order to determine the parameter α 0 , the most pertinent framework for the 3D compressible FDT appears to be imposing the physical condition of IDE. This implies, from (91),
2 −1 ∼ const (93) µ using the dynamic viscosity. We have, from (93),
Using (90) and (92), (94) yields
which is identical to (81) that was obtained by imposing the 3D compressible FDT multi-fractal result (80) (which is exact-like for the 3D compressible Navier-Stokes system) for the inertial regime! This appears to indicate that the IDE has been incorporated into the result (80) in a manner similar to the case with the Kolmogorov exact result in the 3D incompressible case.
Using (95), (90) yields
while (92) then gives
Probability Distribution Functions
The multi-fractal model is known not to afford an analytical calculation of PDF's of flow-variable gradients in several intermittent FDT cases (Benzi et al. [25] , Shivamoggi [19] , [23] and [24] ). The parabolic-profile model turns out to be fruitful on this aspect. The physical principle underlying the calculation of the intermittency correction to the PDF's in the parabolic-profile model turns out to be the same as the one (namely, IDE) underlying the homogeneous-fractal model used in [25] .
(i) Incompressible 3D FDT
Noting the scaling behavior of the velocity gradient (Frisch and She [26] ) -
v 0 being the velocity increment characterizing large scales, and assuming v 0 to be gaussian distributed, i.e.,
we observe
So, α * (p) corresponds to α * (P ) where P is the solution of
Using (103), and assuming a to be large to simplify the calculations, we have from (37),
Using (104), the PDF of the velocity gradient [26] -
Incidentally, using (104), (103) gives
which is of course the exponent of |s| in the argument of the exponential in (106). Note the accentuation of the non-gaussianity of the PDF due to intermittency, as anticipated.
(ii) Incompressible 2D FDT Noting the scaling behavior of the vorticity gradient (Shivamoggi [27] ) -
and assuming (101) again, we observe
So, α * (p) corresponds to α * (P ) where P is now the solution of
Using (111), the PDF of the vorticity gradient [27] -
Using (111), (110) gives
which is again the exponent of |r| in the argument of the exponential in (113). Note again the accentuation of the non-gaussianity of the PDF due to intermittency. 
So, α * (p) corresponds to α * (P ) where P is now the solution of (117)
Using (118) 
Using (118), (117) gives
which is gain the exponent of |s| in the argument of the exponential in (120). Note again the accentuation of the non-gaussianity of the PDF due to intermittency.
Conclusions
The parabolic-profile model for f (α) appears to have the capacity to provide considerable insight into the qualitative aspects of the intermittency problem as well as reveal the universal aspects associated with it. The parabolic-profile model turns out also to afford unlike the multi-fractal model, an analytical calculation of PDF's of flow-variable gradients in several FDT cases.
